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Abstract. Uniform strings have a harmonic sound; nonuniform strings have an
inharmonic sound. This paper experiments with musical instruments based on
nonuniform/inharmonic strings. Given a precise description of the string, its spectrum can be calculated using standard techniques. Dissonance curves are used to
motivate specific choices of spectrum. A particular inharmonic string consisting
of three segments (two equal unwound segments surrounding a thicker wound
portion) is used in the construction of the hyperpiano. A second experiment designs a string with overtones that lie on steps of the 10-tone equal tempered scale.
The strings are sampled, and digital (software) versions of the instruments are
made available along with a call for composers interested in writing for these
new instruments.

1

Ideal and non-ideal Strings

An ideal string vibrates in a periodic fashion and the overtones of the spectrum are
located at exact multiples of the fundamental period, as required by the one-dimensional
linear wave equation [6]. When the string deviates from uniformity, the overtones depart
from the harmonic relationship and the sound becomes inharmonic. There is only one
way to be uniform, but there are many ways to be nonuniform; there is only one way to
be harmonic, but many ways to be inharmonic.
In a “prepared piano,” weights and other objects are placed in contact with the string,
giving it a nonuniform density and a sound that can be described as bell-like, metallic,
or gong-like. Such preparations tend to lack detailed control. Our recent work [4] explores one possible musical instrument and system, the hyperpiano, which is based on
a particular inharmonic string consisting of three connected components. The design
approach is illustrated in Fig. 1(a) where a nonuniform string is conceptualized as consisting of a sequence of connected segments, each of which is uniform. By carefully
controlling the string segments, a large variety of inharmonic effects may be achieved.
The invention of new musical instruments and ways to tune and play them has a
long history [2], [12] and continues to the present, though modern approaches are often
based on digital rather than analog sound production [11]. From an acoustical point of
view, the idea of designing an instrument based on an inharmonic sound contrasts with
the more common approach of beginning with an inharmonic vibrating element and
trying to make it more harmonic.
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Fig. 1: A nonuniform string can be thought of as a sequence of connected uniform
strings, shown schematically in (a) with three segments characterized by their mass
densities ν1 , ν2 and ν3 and lengths. A typical round-wound string (b), as commonly
used for guitar and piano strings, has a solid metal core with mass density µ1 . The
winding (plus inner core) may be characterized as a uniform string with mass density
µ2 .

While there is no conceptual difficulty in imagining a string with an arbitrary density
profile, it is not easy to fabricate strings with oddly varying contours. For certain specific
densities, and for a small number of segments, it is possible to exploit the structure of
commonly manufactured strings. A wound string, as shown schematically in Fig. 1(b),
consists of a core metal wire with mass density µ2 surrounded by a second wire wrapped
around the outside (shown with a density of µ1 ). Stripping away the winding from a
portion of the string effectively creates a segmented string that is readily available from
commercial sources, and this is how the strings of the hyperpiano are made.
The completed hyperpiano (see Fig. 2) is discussed in some detail in Section 2, and
its musical system, based on the hyperoctave, is outlined. An inherent problem for any
new musical instrument is to find composers to write for it and performers to play it;
we address this issue by making digital simulations (software-based sample playback
modules) of the hyperpiano available for download [19].
Given an inharmonic string, one way to characterize the quality of the resulting
musical system is to draw the dissonance curve. This provides a way of locating the
intervals that are maximally consonant and hence provides a candidate tuning for the
instrument. Indeed, several examples of such systems are shown in [16], but most are
based on electronic sound synthesis. The use of inharmonic strings provides a physical
analog. Section 3 uses the specification obtained from dissonance curves to design a

Magnitude

185

332

526
744
500

940
1000

1500

Frequency

Fig. 2: The completed hyperpiano and a closeup of the nonuniform strings. The instrument can be seen and heard “in action” in Video Example 1. The nonuniform strings of
the hyperpiano have inharmonic strings, the first five overtones occur at ratios (1., 1.79,
2.84, 4.02, 5.08).

nonuniform segmented string, and we verify that the overtones match the locations of
10-tet scale steps. In order to expose composers and musicians to this new musical
system, we present the design, the string, and a software emulation that can be easily
downloaded.

2

The Hyperpiano

In [4], we simulated a large number of different inharmonic strings of the form of Fig.
1(a), each with three segments. Visualizing the dissonance curves was useful since it
allowed a rapid overview of the behavior of a given design over all possible intervals.
Eventually, we chose a particular design in which each string has the (unwound, wound,
unwound) lengths of `1 = 12%, `2 = 9.6%, and `3 = 78.4%, with densities ν1 = ν3 =
0.00722 and ν2 = 0.0276 kg/m. These strings have the spectrum shown in Fig. 2.
The psychoacoustic work of R. Plomp and W. J. M. Levelt [14] provides a basis on
which to build a measure of sensory dissonance. In their experiments, Plomp and Levelt
asked volunteers to rate the perceived dissonance or roughness of pairs of pure sine
waves. In general, the dissonance is minimum at unity, increases rapidly to its maximum
somewhere near one quarter of the critical bandwidth, and then decreases steadily back
towards zero. When considering timbres that are more complex than pure sine waves,
dissonance can be calculated by summing up all the dissonances of all the partials, and
weighting them according to their relative amplitudes. For harmonic timbres, this leads
to curves having local minima (intervals of local maximum consonance) at small integer
ratios (as in Fig. 3(a)), which occur near many of the steps of the 12-tone equal tempered
scale. Similar curves can be drawn for inharmonic timbres [15], though the points of
local consonance are generally unrelated to the steps and intervals of the 12-tone equal
tempered scale.
The dissonance curve for the strings of the hyperpiano is shown in Fig 3(b). This
curve mimics the shape of a harmonic dissonance curve except it is stretched out over
two octaves (instead of one). Thus the corresponding hyperoctave system is built on a
tuning that has its unit of repetition at the double octave (making it analogous to the
Bohlen-Pierce scale ([1],[8]), which has its unit of repetition
at the interval 3:1). Figure
√
3(b) can be thought of as a sensory map of the 12 4 hyperoctave, which labels each
hypermajor scale step between the unison (0 cents) and hyperoctave (2400 cents). In
descending order of consonance, the minima formed by coinciding partials are the perfect hyperfifth, major hypersixth, perfect hyperfourth, major hypersecond, minor hyperthird, and major hyperthird. In comparing these tempered intervals to the nonuniform
string dissonance curve, the largest deviation is only 2 cents, suggesting an inharmonic
analogy to just intonation.
2.1

The Hyperoctave System

Terhardt [18] writes “it may not only be possible but even promising to invent new
tonal systems... based on the overtone structure.” The hyperoctave scale, is based on the
overtone structure of a sound, in this case, a string with a specific nonuniform geometry.
Like the Bohlen–Pierce scale, it can be played on acoustic instruments, as demonstrated

Fig. 3: The dissonance curve [16] is a plot of the summed dissonances of all the sinusoidal overtones. (a) The left curve assumes harmonic sounds with five equal partials.
As shown in [14], such a curve has minima at many of the simple integer ratios. The
dissonance curve for the first five partials of a hyperoctave nonuniform string are shown
in (b).

by the hyperpiano. This section delves into the musical possibilities of the system with a
focus on its tonal possibilities. More specifically, the goal is to consider the hyperoctave
system in terms of Cope’s three crucial characteristics: key, consonance and dissonance
(or relaxation and tension), and hierarchical relationships [3].
As shown in Fig. 3(b), most of the scale steps fall on or near local minima, indicating that the hyperoctave scale consists mainly of consonances. Unfortunately, this
also means that there is not a large degree of contrast between possible consonances
and dissonances, and this may limit the ability to adequately implement Cope’s second
requirement. On the other hand, there may be other ways to obtain harmonic tension
and release patterns.
Figure 4 outlines the available notes and the manner of notation for the hyperoctave
system. The lowercase υ preceding the staff designates it as a hyperstaff. Each string
of the hyperpiano was recorded (these raw recordings are also available [19]). A standalone sample playback module was written in Max/MSP [10] to make it easier for a
composer to explore hyperpiano music via a MIDI keyboard and the interface is shown
in the top right of Fig. 4.
2.2

First Compositions: Giovanni Dettori

Italian composer Giovanni Dettori’s initial reaction to the system (evidently due to its
overabundance of consonant intervals) was to exclaim, “Everything that I play sounds
‘motionless’ after a few seconds.” His observation, in this regard, synchronizes well
with Piston’s [13] conviction that, “It cannot be too strongly emphasized that the essential quality of dissonance is its sense of movement.” But as Dettori persisted in tentative
compositional exploration combined with attentive listening, he began to discover ways

Fig. 4: (Left) A traditional grand staff displays every note in the range of the hyperpiano
and the same set of pitches displayed on a grand hyperstaff via the simplified chromatic
tone-cluster notation of Henry Cowell. The keyboard located below depicts how these
notes are arranged in relation to a MIDI keyboard. (Top right) One of the software
sample-playback devices available on the paper’s website [19]. This is the Max for
Live interface which integrates easily into Ableton Live. (Bottom right) The α and ω
sets parallel the two whole tone scales in 12-tet.

to add harmonic motion. And upon the completion of his first piece, Improvviso for Hyperpiano [19], Dettori wrote:
I feel that the more I play around with hyperpiano, the more I feel comfortable.
Through chromatic writing, I dont have that feeling of ‘static soundscape’ that
I had at the beginning. For example, if I insist on a set of pitches for a while
then moving the same set chromatically (upwards or downwards by parallel
motion or both by contrary motion) I have a feeling of modulation, or at least of
pretty strong harmonic change. Also, listening to my Improvviso piece I don’t
feel it lacks modulation. This is to say that my ‘fears’ about the limitations of
the system were probably more ‘cultural’ (related to decades of listening and
writing habits) than perceptive.
The preliminary pitch-set technique described above was not used systematically,
and it was still in the process of taking shape while Dettori was composing his Improvviso. In fact, he later wrote, “I found traces of it after I was sketching the music.”
The basic technique involves dividing the hyperchromatic scale into two transpositions
of whole-hypertone scales, and normalizing one transposition before moving to the
other transposition (to add a sense of tension) which then resolves back to the original normalized transposition (to add a sense of release). Although each transposition
is composed of traditional augmented chords, due to the novel context and the inharmonic spectrum, “they dont have the dominant function we usually assign to augmented

chords.” These two transpositions are depicted in Fig. 4. W. A. Mathieu [9] has referred
to the two whole-tone scale transpositions in 12-tet as the α and ω sets, and these names
can also be applied to the two whole-hypertone scale transpositions.
Of course, the Improvviso is more complex than bouncing back and forth between
the α and ω sets; many parallel logics converge that are difficult to describe completely.
For instance, tension can also be achieved by breaking an established harmonic rhythm
(and so breaking psychological expectations). Dettori found that the pitch-set approach
not only helped with inducing harmonic tension–release patterns, it also provided him
with a framework of hierarchical order and it helped him to not feel “lost” in the hyperoctave soundscape. To Dettori’s ear, the tonic chord consists of a pitch-set plus a specific
bass note. For instance, a piece could be written in the key of αυC, ωυC, αυC], etc. In
this notation, the α or ω designates the pitch-set while the pitch class designates the bass
note. Taken together, these designate the key. Dettori prefers to think of other chords
from the tonic pitch-set (i.e., with a different note in the bass) as relative tonic chords.
Dettori perceives two dominant chords; they both are based on the pitch-set antithetical
to the one on which the tonic is built, but one of them has an ascending leading tone in
the bass while the other one has a descending leading tone in the bass; in this respect,
the leading tones are located a hypersemitone (i.e., 200 cents) above or below the tonic
bass note. And when a cadence ends on a relative tonic chord, Dettori perceives less
conclusiveness than when it ends on the tonic chord.
Table 1 provides a summary with links to the existing repertoire of music that adventurous composers (to whom we are grateful) have chosen to create using the hyperoctave system. Together, these works provide a fairly diverse taste of the possibilities.

Table 1: Compositions and improvisations for hyperpiano
G. Dettori
Improvviso for Hyperpiano Miniature Variations, for Hyperpiano
P. Eisenhauer
Arroyo
H. Straub
Gon-Tanz
B. Hamilton
Hyperthing
M. Tristan
Mandala No. 1 Temple Bell Sketch Palimpsest
Ayutthaya Rhapsody Siamese Cat
C. Devizia
Blue Rorqual
J.-P. Kervinen
Ten Two-Part HyperInventions HyperInvention #2 (Glitch)
HyperInvention #3 (Variation) HyperInvention #8 (Variation)
S. Weigel
Gold-teased Peppermint
W. A. Sethares
HyperScarlatti

2.3

Call for Compositions

“After creating a new scale, how can one quickly find out what it is good for?” asked
Mathews, Pierce, and Roberts [7]. “Are there listening tests and laboratory studies that
can precede the long slow process of trying to compose significant music with the new
scale?” While it is certainly possible to try and “think through” many of the issues that

arise with any new scale system, likely the answer to this question is that it takes time,
and the ear needs to become accustomed to the new sounds. Our approach is to provide
software versions of the hyperpiano (such as in Fig. 4) so that composers can easily play,
listen, contemplate, and acclimate. We would like to encourage participation in what we
believe is a rewarding compositional experience. Digital samples of every string of the
hyperpiano, and several versions of software playback modules implementing MIDI
versions of the hyperpiano can be found at the paper’s website [19].
2.4

Extending the Hypersystem

√
A natural extension of the hyperoctave system is to the 24 4 quarter-hypertone scale.
Figure 3 indicates the steps of the hyperchromatic scale with the solid red lines while
the extended notes are drawn as dashed green. Since most of the dashed lines occur
near maxima of the dissonance curve, together these provide a much higher degree of
contrast between consonance and dissonance. Closer examination reveals three unfortunate aspects of this system. First, the hypermajor scale is built on the hyperchromatic
scale which is an enharmonic equivalent of a traditional whole-tone scale, and each
interval that the quarter-hypertone scale adds to the initial hyperchromatic scale ultimately forms a traditional whole-tone scale constructed on a different transposition.
Therefore, a hypermajor key built on the hypermajor scale cannot exploit the newly
generated dissonant intervals because the whole-tone scale can only be transposed two
ways. Second, the perfect hyperfourth shares octave equivalence with the major hyperseventh, and thus confuses tone relations within the hypermajor scale. Finally, there is
the problem of “the extra-wide leading tone” inherited from the hyperoctave system,
which may cause cadences to sound less final.
Fortunately, there is an elegant solution to each of these problems: displacing the
major hyperseventh. If the hyperseventh is augmented to 2300 cents when ascending and diminished to 2100 cents when descending, the scale contains every possible
quarter-hypertone interval (except the hypertritone) in the hypermajor key! This allows
many possibilities for dissonant intervals. It eliminates octave equivalence between the
perfect hyperfourth and the major hyperseventh. And, fortuitously, it also addresses the
leading tone problem.
A tonal map of the quarter-hypertone system is outlined in Fig. 5. The red-colored
notes (as distinguished from the gray) share octave equivalence with either the root,
third, or fifth of a given triad even though they are not part the delineated key. For
example, the fifth of the tonic triad is υG, a pitch that is traditionally identified as D.
But transposing the D down an octave gives υC] which is foreign to the key of υC.
We call such notes pastel tones; they are unique to hyperoctave music, and they allow
for some intriguing embellishments. Pastel tones should be used cautiously, however,
because they may confuse tone relations when listened to with an ear trained in octavebased music. On the other hand, they may provide a degree of ambiguity and “color.”
To aid in visualization, Fig. 6 provides two quarter-hypertone keyboard layouts that
complement the tonal map in Fig. 5. Collectively, the tonal map and the keyboard layouts are intended to supply enough information to propel the novice into tonal quarterhypertone composition.

Fig. 5: Two dissonance curves for the first five partials of a hyperoctave nonuniform
string are shown. The ascending hypermajor scale contains a raised leading tone while
the descending hypermajor scale contains a lowered leading tone. Below the scales are
the various modes that can be derived from each hypermajor scale. Scale steps with
bold red borders represents either a root, third, or fifth in relation to the various triads
of a hypermajor key. Roman numerals identify the various triad types constructed on
the given scales. Pitch classes which are preceded with υ are hypernotes, and pitch
classes which are not preceded with υ are traditional notes. All of the pitch classes are
structured in relation to the key of υC. Red notes represent pastel tones (see text).

traditional keyboard

adapted keyboard

Fig. 6: Two keyboard layouts for the quarter-hypertone system are shown. The upper
layout is designed for a traditional seven-plus-five keyboard while the lower layout is
designed for an adapted keyboard. Each layout depicts how the hyperchromatic scale
relates to the given keyboard design. The augmented and diminished hyperseventh are
also labeled in relation to the key of υC while the remaining extended notes are indicated by their gray color. The diagonal lines on the adapted keyboard represent locations
where keys have been removed.

A version of the adapted keyboard in Fig. 6 was constructed by modifying a USB
MIDI Controller (the M-Audio Keystation 88es). This controller was in production for
many years and can generally be purchased second-hand at a reasonable price. The
key arrangement on this controller has a reputation among enthusiasts as being easy to
modify, and we found this to be true. Figure 7 shows a photograph of the completed
controller. The gray color on some of the keys was produced by spraying on coats
of primer, gray spray paint, and clear gloss polyurethane. We believe the adapted arrangement provides a more intuitive quarter-hypertone controller than the traditional
keyboard arrangement in Fig. 6.

Fig. 7: The adapted keyboard arrangement of Fig. 6 embodied by a modified M-Audio
Keystation 88es

3

Inharmonic Strings for 10-Tone Equal Temperament

In the familiar 12-tone equal temperament, the octave is divided into 12 equal-sounding
semitones, which are in turn divided into 100 barely perceptible cents. Instead, 10-tet
divides the octave into ten equal sounding pieces. Yet, from the orchestra to the radio,
Western music overwhelmingly favors 12-tet while the existence of 10-tet is comparatively unknown. There may be an underlying reason for this lack—that harmonic tones
sound out-of-tune (or dissonant) when played in 10-tet. For instance, the closest 10-tet
interval to a musical fifth is 720 cents, as opposed to the 12-tet perfect fifth of 700
cents. The 10-tet fifth is likely to be heard as a sharp, out-of-tune 12-tet fifth. A full major chord is even worse. The problem is not simply that harmonic sounds are dissonant
in 10-tet. In tonal music, the motion from consonance to dissonance (and back again)
plays an important role. Thus the fact that most intervals in 10-tet are dissonant when
using harmonic sounds makes it almost impossible to achieve the kinds of contrasts
needed for tonal motion.
Using the ideas of [16], it is straightforward to
√ design spectra for sounds that will
appear consonant at the 10-tet intervals. Let r = 10 2 and consider a sound with its first
six overtones at f ∗ = {f, r10 f, r16 f, r20 f, r23 f, r26 f }. The “principle of coinciding
partials” suggests that such a spectrum should have a dissonance curve with minima
at many of the ratios of these partials. All of these ratios are integer powers of r, and
hence form intervals that lie on steps of the 10-tet scale. Thus intervals such as the 720cent “fifth” and the 480-cent “fourth” need not sound dissonant and out-of-tune when
played with sounds that have this spectrum (even though they appear very out-of-tune
when played with normal harmonic sounds).
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Fig. 8: The 10-tet string, its dissonance curve, a possible keyboard layout, and an
overview of possible tonal functions in the 10-tet system.

While it may be straightforward to create electronic simulations of sounds such as
f ∗ [17], it is less obvious how to create such sounds acoustically. This can be formulated

mathematically as an optimization problem by assuming that an inharmonic string consists of n segments, each with length `i and mass density µi . The spectrum of that string
will have overtones at f (`, µ) where ` = {`1 , `2 , . . . , `n } and µ = {µ1 , µ2 , . . . , µn }.
Then the goal is to minimize
J = min ||f ∗ − f (`, µ)||
`,µ

(1)

in some appropriate norm. The optimization problem (1) can be solved using a gradient
descent method
∂J
∂µ(j)
∂J
`(j + 1) = `(j) − α` ·
∂`(j)

µ(j + 1) = µ(j) − αµ ·

(2)

where µ(j) and `(j) are the values of the densities and lengths at iteration j, and where
αµ and α` are the algorithm stepsizes (which may be different because the units of µ
and ` are different).
For 10-tet sounds, f ∗ = f0 {1, 2, 3.0314, 4, 4.9246, 6.0629}. Using n = 5 segments
(with the constraint that there are only two different densities, for ease of construction),
the optimal solution to (1) is shown in Fig. 8. We built the string (using the same technique of unwinding the wound portions as in [4]), sampled the sound, and calculated the
Fourier transform to verify that the desired spectrum was achieved (the sum of absolute
errors over all partials was 0.04 percent).
As with the hyperpiano in Fig. 4, we created a software sample playback module
in order to enable composers and musicians to explore the instrument. An immediate response from Carlos Devizia called Ants at the Office demonstrates one musical
possibility. Marcus Tristan is composing an ensemble piece, Circles of Celestial Light,
using the 10-tet string-based sampler as an “electro-acoustic” layer. Giuseppe Testa has
composed two studies using the 10-tet string samples called Moten and Vinby. Figure 9 shows a possible cadence performed with this 10-tet software module in order to
demonstrate the possibility of tonal music in 10-tet.

4

Conclusions and Acknowledgements

This paper has presented an extended analysis of the hyperoctave system, which is
based on an inharmonic (nonuniform) string that forms the basis of the hyperpiano. But
there are myriad possible inharmonic strings, and a design for a 10-tet string provides
one example. We invite everyone to use our designs, playback modules, software, and
strings to investigate inharmonic musical realms such as the hyperoctave and 10-tet.
These and other resources may be found at the papers website [19].
The authors would like to thank the composers who have worked with the hyperpiano including M. Tristan, C. Devizia, P. Eisenhauer, B. Hamilton, J.-P. Kervinen, H.
Straub, and S. Weigel. We would like to especially thank Giovanni Dettori for his compositions and for sharing his experiences and thoughts over the course of a long thread
of emails.

Fig. 9: A cadence in 10-tet demonstrates how the 10-tet inharmonic string may be capable of supporting tonal structures. This cadence is played using the 10-tet string at the
paper’s website [19].
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